Studying high-mass white dwarfs (WDs) can shed light on the progenitors of Type Ia supernovae. Recently, the unprecedented power of Gaia Data Release 2 (DR2) has revealed an enhancement of highmass WDs on the H-R diagram, called the Q branch. This branch is located at the high-mass end of the crystallisation branch identified by Tremblay et al. (2019) . However, investigating its properties, we find that the number density and the fraction of fast-moving WDs on the Q branch cannot be explained by crystallisation alone, suggesting the existence of an extra cooling delay. To explore the properties of this delay, we compare two WD age indicators -the dynamical age reflected by transverse velocity and the photometric age -for more than one thousand high-mass WDs (1.08 − 1.23 M ). We show that, in addition to crystallisation and merger delays, an 8-Gyr cooling delay is required on the Q branch, which affects about 7% of high-mass WDs.
INTRODUCTION
Until recently, explorations of the white dwarf region in the Hertzsprung-Russell (H-R) diagram were severely limited by the number of objects with available distance estimates. The European Space Agency Gaia mission (Gaia Collaboration et al. 2016) has changed this situation drastically. Gaia is an all-sky survey of astrometry and photometry for stars down to 20.7 magnitude. The H-R diagram of white dwarfs generated by Gaia Data Release 2 (DR2) reveals three branch-like features, illustrated as the A, B, and Q branches 1 in figure 13 of Gaia Collaboration et al. (2018b) . The A and B branches have been understood as standard-mass white dwarfs (m WD ∼ 0.6 M ) with hydrogen-rich and helium-rich s.cheng@jhu.edu 1 Named after the presence of DA, DB, and DQ white dwarfs (Gaia Collaboration et al. 2018a) , respectively. These are spectral types of white dwarfs. DA white dwarfs have hydrogen lines in their spectra. DB and DQ are for helium and carbon lines atmospheres, respectively (e.g., Bergeron et al. 2019 ). However, the Q branch, as an enhancement of highmass white dwarfs (m WD > 1.0 M ), is still not fully understood. This is a challenge for current white dwarf evolutionary models and an opportunity for studying high-mass white dwarfs.
White dwarfs evolve along their cooling tracks on the H-R diagram. Unlike the A and B branches, the Q branch is not aligned with any cooling track or iso-age curves, suggesting that it is caused by a delay of cooling instead of a peak in mass or age distribution. As the cooling is delayed on the Q branch, white dwarfs pile-up there. To produce a cooling delay, some energy source is needed. The Q branch coincides with the high-mass end of the crystallisation branch identified by Tremblay et al. (2019) . Crystallisation is the process where the Coulomb plasma in a white dwarf core transits from liquid phase to solid phase (e.g., van Horn 1968) . Every white dwarf is expected to experience crystallisation, and crystallisation releases energy through latent heat (van Horn 1968) and phase separation (e.g., Garcia-Berro et al. 1988; Seg-retain et al. 1994; Isern et al. 1997) . However, the observed number-density enhancement on the Q branch is higher and narrower than expected from standard crystallisation models , figure 4), suggesting that an extra cooling delay may exists in addition to crystallisation. To explore the properties of this possible extra delay, we analyse the transverse velocities -a dynamical age indicator -of these white dwarfs.
The velocity information in Gaia DR2 also offers an opportunity to better understand double-white-dwarf (double-WD) mergers. Simulations of binary evolution show that the products of double-WD mergers may account for a considerable fraction of high-mass white dwarfs (e.g., Ruiter et al. 2009; Toonen et al. 2012; Yungelson & Kuranov 2017, Temmink et al., in prep.) , and double-WD merger is also a promising channel of producing Type Ia supernovae (e.g., Webbink 1984; Iben & Tutukov 1984; Maoz et al. 2010; Mennekens et al. 2010; Maoz et al. 2014; Sato et al. 2015; Shen et al. 2018a,b) . However, in observation, this fraction and the double-WD merger rate is still a matter of debate (e.g., Giammichele et al. 2012; Rebassa-Mansergas et al. 2015; Tremblay et al. 2016; Maoz et al. 2018) . Using the merger delay between the stellar birth and the merger event, Wegg & Phinney (2012) constrained the fraction of double-WD merger products by analysing the velocity distribution of high-mass white dwarfs. Unfortunately, they did not get a strong constraint because of the small sample size. Thanks to the much larger and more homogeneous Gaia DR2 sample of high-mass white dwarfs, we can obtain a much better constraint on this fraction with a similar method. We point out that we can statistically distinguish the extra cooling delay on the Q branch from the double-WD merger delay by their different delay distributions.
In addition, the core composition of double-WD merger products is different from high-mass white dwarfs formed from single-star evolution. The former have carbon+oxygen (C/O) cores whereas the latter are believed to hold oxygen+neon (O/Ne) cores. It is natural to search for the signature of this composition difference in white dwarf cooling behaviour. We will show that the extra cooling delay may apply only to C/O-core white dwarfs, and thus the Q branch may also be an observational evidence for double-WD mergers.
The layout of this paper is as follows: in section 2 we describe our white dwarf sample; in sections 3 and 4 we examine the transverse velocity distributions of highmass white dwarfs and build a statistical model of white dwarf velocities to constrain the properties of the extra delay and the population fraction of double-WD mergers; in sections 5 and 6 we show our constraints and discuss the origin of the extra cooling delay, wide-binary systems among high-mass white dwarfs, the relation between the Q branch and hot-DQ white dwarfs, and the constraint on double-WD merger rate; we conclude our results in section 7.
2. DATA Our analysis is based on data from Gaia DR2 (Gaia Collaboration et al. 2018b) , which for the first time provides parallaxes and proper motions µ obtained purely from Gaia measurements. Gaia DR2 also provides Vega magnitudes of each object in three wide passbands: G, G BP , and G RP . The G band spans from 350 to 1000 nm, and the G BP and G BP bands are mainly the blue and red parts of the G band, separated at the H α transition (Gaia Collaboration et al. 2016 ).
Sample selection
Gentile have compiled a catalogue of Gaia DR2 white dwarfs based on G band absolute magnitude, Gaia colour index, and some quality cuts. To select only white dwarfs with high-precision measurements, we further apply the following cuts to the catalogue of Gentile Fusillo et al. (2019):
parallax_over_error > 8 ,
astrometric_excess_noise < 1.5 ,
phot_bp_rp_excess_factor < 1.4 ,
1000 / parallax < 250 ,
where the colour error σ GBP−GRP is defined as the root mean square of the photometric errors in G BP and G RP bands, the proper motion error σ µ is defined as the the root mean square of the two components of proper motion errors, and is parallax. These cuts are designed to balance data quality and sample size, and we do not attempt to get a volume-complete sample. But, these cuts do not introduce kinematic biases.
Quantity definitions
Our analysis requires white dwarf absolute magnitude, colour index, and the two components of transverse ve-
. We use column bp_rp in Gaia DR2 for colour index G BP − G RP (ignoring dust reddening) and derive the other quantities in the following way: Figure 1 . The H-R diagram of WDs with high-precision astrometric and photometric measurements. In the top-right panel we show WDs within 150 pc. The Q branch is the over-density marked by the red arrow. In the main panel, we colour-code WDs within 250 pc with their transverse velocities with respect to the local standard of rest. Fast WDs (vT > 70 km s −1 ) are emphasized by large symbols, and high-mass WDs (> 1.08 M ) are emphasized by high symbol opacity. The grid of WD masses and total ages is also plotted (using the O/Ne model for high-mass WDs). The Q branch divides the cooling tracks of high-mass WDs into three segments: the 'early', 'Q branch', and 'late' segments, each with different signatures of the extra cooling delay. We also mark the mass range of these segments with dark blue texts: the first mass is derived from the O/Ne-core WD model and the second is from the C/O-core WD model. According to the age-velocity-dispersion relation (AVR), fast WDs are old. However, a bulk of fast WDs is concentrated on the Q branch, with photometric ages only 1 − 2 Gyr, indicating a long delay during their evolution. The merger delay is only about 2 Gyr and does not focus on the branch, so there must be an extra delay of WD cooling on the branch.
where G and /mas −1 are read from Gaia DR2 columns phot_g_mean_mag and parallax, µ L and µ B are converted from columns ra, dec, pmra, and pmdec with the coordinate conversion function in the astropy package (Astropy Collaboration et al. 2013 , A and B are the Oort constants taken from Bovy (2017) . To avoid the influence of hyper-velocity white dwarfs on our analysis, we further impose a velocity cut:
We point out that Gaia does not provide any useful radial velocity information for white dwarfs as they have no spectral lines in the 845 − 872 nm wavelength range of its spectrometer (Gaia Collaboration et al. 2016) . We then derive white dwarf photometric ages τ phot and masses m WD from the H-R diagram coordinates (G BP − G RP , M G ), based on the single-star-evolution scenario and currently available white dwarf cooling models. The main-sequence ages are estimated with the initial-final mass relation from Cummings et al. (2018) and a simple age-mass relation for main-sequence stars t MS = 10 10 (m MS /M ) −3 yr. For high-mass white dwarfs, the main-sequence ages are negligible. The white dwarf cooling models include a catalogue of synthetic colours calibrated to nearby white dwarfs (Holberg & Bergeron 2006; Kowalski & Saumon 2006; Tremblay et al. 2011; Bergeron et al. 2011 ) and a grid of white dwarf cooling tracks (Fontaine et al. 2001) . We use the synthetic colour catalogue for thick-hydrogen atmosphere (m H /m WD = 10 −4 ) and the cooling tracks for C/O-core white dwarfs 2 . In order to convert any H-R diagram positions into m WD and τ phot , we linearly interpolate these models between grid points. Stellar models show that in the single-star-evolution scenario white dwarfs heavier than about 1.05 − 1.10 M have oxygen+neon (O/Ne) cores (e.g., Siess 2007; Lauffer et al. 2018) . So, we combine the cooling tracks of m WD ≤ 1.05 M C/O white dwarfs with the four cooling tracks of m WD ≥ 1.10 M O/Ne white dwarfs (Camisassa et al. 2019) .
The O/Ne white dwarf model only gives slightly lower mass estimate than the C/O white dwarf model (e.g., 1.08 − 1.23 M in the O/Ne and C/O WD combined model corresponds to 1.10 − 1.28 M in the C/O WD model), and their estimates of the photometric ages are similar for the white dwarfs we are interested in (τ phot < 3.5 Gyr); switching between thick-hydrogen, thin-hydrogen, and helium atmosphere models does not influence the photometric age estimates much, either. We remind the readers that the photometric ages derived from the cooling models plus single-star-evolution may not be the true white dwarf ages. If some white dwarfs do have the extra cooling delay, their photometric ages τ phot will be younger than their true cooling ages; for merger products, τ phot is also younger than the true age. We will use these differences to estimate the extra-delay length, extra-delayed population fraction, and merger fraction.
A QUALITATIVE EXAMINATION OF THE Q BRANCH
In Figure 1 , we show the white dwarfs selected in section 2.1. In the top-right panel, we show the white dwarf number density on the H-R diagram. The Q branch is a factor-two enhancement at around −0.4 < G BP −G RP < 0.2 and M G = 13. In the main panel, we colourcode white dwarfs within 250 pc by their transverse velocities v T with respect to the local standard of rest. We adopt the values (U , V , W ) = (11, 12, 7) km s −1 from Schönrich et al. (2010) to correct for the solar reflex motion. We emphasize the fast white dwarfs (v T > 70 km s −1 ) in Figure 1 with bigger dots: they are likely thick-disc stars. We also plot the grid of white dwarf masses m WD and photometric ages τ phot derived from the combined O/Ne-core and C/O-core white dwarf cooling model. The cooling tracks are the curves with constant m WD . White dwarfs with different birth times form a 'white dwarf cooling flow' on the H-R diagram as they move along their cooling tracks.
We focus on the mass range where the Q branch is most prominent. To maximize sample size and minimize the contamination from the standard-mass heliumatmosphere white dwarfs (the B branch), we impose a photometric age and mass cut for further analysis: 0.1 Gyr < τ phot < 3.5 Gyr,
where m WD is derived from the combined cooling model for O/Ne-core and C/O-core white dwarfs. (This corresponds to 1.10 − 1.28 M for the C/O-core-only cooling tracks.) In this region, the Q branch divides the white dwarf cooling flow into three segments: the early, Q branch, and late segments. We define the Q branch segment by
in addition to the previous age and mass cuts. The early and late segments are then defined as the regions earlier and later than the Q branch segment along the cooling tracks, respectively (as shown in Figure 1 ). In this section, we first show that the number-density enhancement of the Q branch is higher than prediction of crystallisation, which indicates an extra cooling delay. Then, we describe the scenario of this extra cooling delay and explain the importance of using velocity information in addition to number-density enhancement. Finally, we use the velocity information to infer the properties of this extra delay. The signature of merger delay is not yet obvious in this qualitative analysis but will be treated with the quantitative model in section 4.
3.1. An extra cooling delay is needed on the branch As argued by Tremblay et al. (2019) , an enhancement not aligned to mass or age grid, such as the Q branch, should be produced by a slowing down of white dwarf cooling. This kind of cooling delay creates a 'traffic jam' in the white dwarf flow, and the Q branch (and the crystallisation branch) is a snapshot of this traffic jam. Is crystallisation alone enough to explain the cooling delay on the Q branch? If it does, the distribution of photometric ages τ phot calculated from a model including crystallisation effects should bear no signature of the Q branch anymore. However, observations lead to the antithesis. In the upper panel of Figure 2 we show the distribution of τ phot in three mass ranges (we use a 150 pc sample here because number counts suffer from incompleteness). For white dwarfs heavier than 1.05 M , the signature of the Q-branch enhancement is still clear, which indicates an extra cooling delay in addition to crystallisation effects (latent heat and phase separation).
In general, not all white dwarfs need to have this extra delay. So, we use two parameters -the fraction f extra of influenced high-mass white dwarfs and the delay time t extra -to describe this extra cooling delay. In the lower panel of Figure 2 we show a sketch of this generic twopopulation scenario. Before the Q branch, the 'extradelayed population' has no difference from the normal population. On the branch, the extra-delayed population cools slower, which causes to effects: the number density of the extra-delayed population is enhanced, and the age discrepancies (i.e. the delay) between the true ages and τ phot also build up. After the branch, the number-density enhancement disappears, but the age discrepancy remains.
The observed extra enhancement A obs can be expressed as (with constant formation rates for both populations assumed): where n is the number density per photometric-age interval, A is the intrinsic enhancement of the extradelayed population itself, ∆t branch is the width of the Q branch segment in terms of photometric age, for which we adopt an average value ∆t branch = 0.74 Gyr. There is clearly a degeneracy between f extra and t extra in this twopopulation scenario, if one only measures one observable A obs . To break this degeneracy, we seek for another way to observationally constrain f extra and t extra .
Constraints from velocity information
Observations show that the velocity dispersion of disc stars is related to stellar ages (e.g., Holmberg et al. 2009 ). Therefore, the transverse velocities v T of white dwarfs derived from Gaia DR2 can be used as a 'dynamical' stellar age indicator. In the solar neighbourhood, the transverse velocity dispersion approximately follows a power law increasing from about 25 km s −1 to 55 km s −1 with stellar ages τ increasing from 1.5 Gyr to 10 Gyr (e.g., Holmberg et al. 2009; Sharma et al. 2014) . The following signatures on Figure 1 also validate the use of transverse velocity as an indicator of stellar age: we observe that most of fast white dwarfs (coloured by magenta and emphasized by bigger dots) are standard-mass white dwarfs which have long mainsequence ages and are therefore old when they become white dwarfs; we also observe that most high-mass white dwarfs, which should be young, have low velocities, around 20 − 30 km s −1 . We then use the velocity distribution in the early, Q branch, and late segments to infer the extra delay time t extra and extra-delayed population fraction f extra . In Figure 1 we observe a strong excess of white dwarfs with v T > 70 km s −1 in the Q branch segment. According to the age-velocity dispersion relation (AVR) mentioned above, these fast white dwarfs are most likely nearly 10 Gyr old. Since the photometric age on the Q branch is only 0.5 − 2 Gyr, the extra delay of these white dwarfs must be more than a few billion years. In the upper panel of Figure 3 we show that the excess of fast white dwarfs in the Q branch segment is observed for a variety of velocity cuts. In the lower panel of Figure 3 we show that this excess is clearest for, again, m WD > 1.05 M . The merger delay cannot explain Figure 3 , because those two mechanisms cannot make a higher fraction of fast white dwarfs on the Q branch than in the "late" segment. So, the extra cooling delay must be real and billions of years long.
In order to match the observed enhancement A obs , a long delay requires a small f extra . The lack of fast white dwarfs off the branch is also consistent with the scenario that the extra-delayed population is diluted there Figure 3 . The fraction of fast white dwarfs with a variety of velocity cuts (upper panel ) and in different mass ranges (lower panel ). This fraction on the Q branch is significantly higher than in the segments both before and after the Q branch, which indicates a small fextra and long textra of the extra-delayed population. Since the problem of incompleteness (selection effect) does not bias velocity distribution, we use WDs within 250 pc.
due to its small fraction. To summarise, the velocity distributions indicate a small population fraction f extra and a long extra delay time t extra of the extra-delayed population.
A QUANTITATIVE ANALYSIS OF THE Q BRANCH AND HIGH-MASS WHITE DWARFS
In the previous section, we used qualitative arguments to infer the extra-delayed population fraction and delay time. However, several limitations prevent us from deriving more robust quantitative estimates: the AVR describes a statistical age-dependence of velocities, so one cannot get the exact ages (and thus delay times) for individual white dwarfs; the velocity distribution is not isotropic, so the projected transverse velocity distribution depends on white dwarf positions on the sky; in addition, the effect of double-WD mergers with their own delay signature (Wegg & Phinney 2012) should also be taken into account. These difficulties compel us to make a statistical model describing the different types of delays and the velocity distributions of all populations of high-mass white dwarfs. By doing so, we may also make use of the full constraining power of the observations instead of collapsing information into a few arbitrary bins.
Description of the model
To model the distribution of white dwarfs, we consider the following white dwarf populations: a generic population from single-star evolution which follows the standard cooling model, a double-WD merger population with a systematic age offset (the merger delay), and the extra-delayed population with the extra cooling delay on the Q branch (and potentially also with the merger delay). To make our model robust to outliers such as halo white dwarfs and extreme kick-outs, we also include a background population. Accordingly, the overall velocity distribution can be written as a weighted average of each population's velocity distribution:
where subscript 's' represents the generic single-star evolution, 'm' merger, 'extra' the extra-delayed, and 'bg' the background population; and f denote the fraction of each population, satisfying
Our goal is to use the observations to constrain the the three independent population fractions f m , f extra , f bg and the length of the extra delay t extra , which is encoded in the distribution p extra . We have two sets of observables: transverse velocities v T and photometric ages τ phot . They are connected by the AVR p(v|τ ) and the delay scenario of each population. The delay,
includes the contribution from the extra and/or the merger delays, for which we can model (Table 1 ). The extra delay and merger delay can be statistically distinguished, because they have different influences in the three cooling segments. Moreover, we explore two setups (also listed in Table 1 ):
• setup 1: the extra-delayed population has both the extra and merger delays;
• setup 2: it has only the extra delay.
Our model is similar to that of Wegg & Phinney (2012) , but it includes the extra-delayed population and uses 1066 high-mass white dwarfs, much more than what Wegg & Phinney (2012) uses. Also, to avoid the need for modelling selection effects, we derive our constraints only from velocity information. The free parameters of our model include the 3 population fractions, the extra delay time t extra , and parameters for AVR and solar peculiar motion. Although constraints on the AVR and solar motion already exist, we still treat these kinematic parameters as free parameters because the comparison of our best-fitting values with the existing values allows us to check the validity of our method.
The main assumptions and simplifications in our model are as follows. (i) We assume that upon entering the 'Q branch' segment, all members of the extra-delayed population suddenly slow down their cooling rate by a constant factor, and upon leaving the branch their cooling rates suddenly resume, thus we may parametrize the extra delay by just its length t extra and population fraction f extra (as shown in the lower panel of Figure 2 ). (ii) The velocity distribution of white dwarfs is a superposition of 3-D Gaussian distributions as a function of age only, i.e.
The true age distribution of high-mass white dwarfs within 250 pc is uniform up to 11 Gyr, i.e. τ ∼ U [0, 11 Gyr]. (iv) Moreover, we do not model the errors of observables because they are in general small but very costly to model.
Bayesian framework
We follow a Bayesian approach to build our model. This means that we can first build a forward model outputting the likelihood probability density function (PDF) of observables y:
and then obtain the posterior PDF of model parameters p(θ|y) from the observed value of y through the Bayesian Theorem:
where p(θ) is the prior PDF of the parameters. Finally, we use the Markov-Chain Monte-Carlo (MCMC) method to sample the posterior distribution and estimate the parameters of interest after marginalising nuisance parameters. In the three steps, the key part is to construct the likelihood. As each white dwarf i provides an independent observation, the likelihood L in our model can be written as the product of the likelihoods of individual white dwarfs:
To avoid a direct dependence on selection effects, we use conditional likelihood to let the constraining power originate only from velocity distributions: we define the individual likelihood p i as the probability density of observing white dwarf i with transverse velocity v T , given other observables of this white dwarf:
We condition on τ phot and m WD because their distributions are influenced by the detection completeness, quality cuts, and white dwarf spatial distribution. Besides, the mass m WD is only used to identify whether a white dwarf is on the Q branch. In order to decompose the three populations, we derive:
where the sums are taken over x with possible values 's', 'm', 'extra', and 'bg' representing different populations. To make use of the known distributions, we employ the probability identity:
where the second step is valid because velocity is only a function of the true age τ , and another identity:
We also assume the age distribution is uniform, τ ∼ U [0, 11 Gyr]. In this way, the likelihood PDF in equation 19 and 20 can be expressed with the delay distributions p(∆t) and the velocity model p(v T |τ ).
Delay distributions
The three white dwarf populations in our model are defined by their different delay signatures ∆t, which may comprise two age delays: the extra delay ∆t extra and merger delay ∆t merger . The latter is the amount of time before a double-WD binary merges and restarts its cooling process 3 , and it produces a systematic age offset but does not change the cooling rate. The delay scenario of each population in each segment is listed in Table 1 .
The extra delay ∆t extra is created in the Q branch segment. So, we assume that on the branch it follows a uniform distribution, ∆t extra ∼ U [0, t extra ]. We remind the readers that ∆t extra is a random variable with probability distribution, whereas t extra is the maximum possible value of ∆t extra , a model parameter to be constrained. In theory, the white dwarfs at the younger part of the Q branch segment should have just started the slowingdown of their cooling and experienced less extra delay, and those at the older part should be about to leave the Q branch and have accumulated longer extra delay. Nevertheless, we do not use this piece of information in practice for the following reason: the white dwarf atmosphere differences and parallax errors make it hard to determine accurately if a white dwarf have just started or is about to end their extra delay according to their position on the H-R diagram. Therefore, a uniform distribution is a good and efficient approximation for the extra delay time ∆t extra .
For the distribution of double-WD merger delay ∆t merger , we refer to binary population synthesis results (Toonen et al. 2012, 2014, and private communication) and approximate it by p(∆t merger ) ∝ ∆t −0.7 merger (24) for merger delay ∆t merger larger than 0.5 Gyr and zero for shorter delay time.
Velocity model
In this section, we model the relation between transverse velocity of white dwarfs v T and their stellar ages τ using the age-velocity dispersion relation (AVR). The velocity distribution of disc stars in the solar neighbourhood with respect to the local standard of rest can be approximated as 3-D Gaussian distributions (e.g., Binney & Tremaine 2008):
whose mean and covariance matrix are determined by stellar age τ . We define the U , V , W axes as pointing towards (l = 0
, and (b = 90 • ), respectively. The mean velocity v 0 (τ ) is a combination of two effects: the solar reflex motion (−U , −V , −W ) with respect to the local standard of rest and the asymmetric drift in V direction by −σ 2 U /80 km s −1 (e.g., Binney & Tremaine 2008) . We set solar motion as free parameters and use them to check the validity of our model.
Gaia DR2 provides us with the two-component trans-
T of white dwarfs. Projecting the 3-D Gaussian distribution p(v|τ ) onto the tangential plane for each white dwarf and marginalising the radial component v R , we get the PDF of transverse velocities p(v T |τ, l, b), which is a 2-D Gaussian distribution for a given age: (Holmberg et al. 2009; Sharma et al. 2014 ). In our model, the τ < 3.5 Gyr part of AVR is mainly constrained by the nonextra-delayed WDs, and the older part by the extra-delayed WDs. Note that the shape of our AVR for old stars reflects our choice of parametrization.
Then, we parametrize the age-velocity-dispersion relation (AVR) to explicitly express the covariance matrix Σ(τ ) in equation 25. We assume that the main-axes of the Gaussian distribution approximately aligned with X, Y , Z directions, so Σ(τ ) can be expressed as a diagonal matrix with elements σ 2 U (τ ), σ 2 V (τ ), and σ 2 W (τ ) in the XY Z coordinate system. Observations show that the AVR in each direction can be fitted by a shifted power law. The power index in the disc plane is around 0.35 and that in the Z direction is around 0.5 (e.g., Holmberg et al. 2009; Sharma et al. 2014) . For old stars including thick disc members, the AVR is still a matter of debate (e.g., Yu & Liu 2018; Mackereth et al. 2019) . So, in each direction, we use a shifted power law to parametrize the AVR of the younger, thin-disc stars:
and we use a constant value σ Thick to represent the velocity dispersion of stars older than 10 Gyr (thick-disc stars); in between 7 Gyr and 10 Gyr, we linearly interpolate the values at the two ends to reflect the increasing fraction of thick-disc stars. Since the ratio of with 31 bins, and their error-bars are represented by the square roots of the count in each bin. Note that the y-axis is in logarithmic scale. For the model predictions, we use the properly normalised likelihood function under the best-fitting parameters (see section 5 for details), and it fits well to the observed velocity histograms in all six panels. The solid and dashed curves correspond to the two setups explained in section 4.1 and Table 1 , which do not differ much in terms of goodness of fitting. The corresponding best-fitting parameters also produce reasonable AVRs (see Figure 4) , which further validates our model. the two in-disc components σ V and σ U is a constant for a local sample (e.g., Binney & Tremaine 2008), we set σ V (τ ) = k σ U (τ ). As the assumption of Gaussian distribution gradually breaks down when σ U becomes larger, we allow the ratio k to be different for the thin and thick discs. Thus, in total, we use 10 parameters to model the AVR: two initial velocity dispersion σ τ =0 U,W , two dispersion increases ∆σ 0→4 U,W between 0 Gyr and 4 Gyr, two power indices β U,W , two thick-disc dispersion σ Thick U,W , and the two in-disc dispersion ratios k thin , k Thick . As mentioned above, the best-fitting values of these parameters can be checked against existing estimates presented in the literature.
RESULTS
To constrain the parameters of our model and obtain the estimates for the Q-branch properties and double-WD merger rate, we feed our Bayesian model with the 1066 white dwarfs in the early, Q branch, and late segments selected in section 3. Details of the MCMC sampler is described in Appendix B.
Validation of the model
First, we present the constraints on solar motion and the AVR and show that they are all in good agreement with estimates from the literature. For the solar motion we obtain the constraint (U, V, W ) = (10.1 ± 1.0, 6.7 ± 1.0, 6.6 ± 0.5) km s −1 ,
which is consistent with Rowell & Kilic (2019)'s measurement using kinematics of mainly standard-mass Figure 6 .
The posterior distribution of main parameters of our model. fextra is the fraction of the extra-delayed population, textra is the length of the extra cooling delay on the Q branch, fm is the fraction of other double-WD merger products. These fractions are proportional to the production rate of each population. These constraints are under setup 1, i.e. assuming the extra-delayed population also has merger delays, so fm is not the total fraction of merger products: fextra + fm is.
white dwarfs and earlier from main-sequence stars 4 . The constraint of white dwarf AVRs are presented in Figure 4 , which shows good consistency with the AVR of both thin-and thick-disc main-sequence stars (e.g Holmberg et al. 2009; Sharma et al. 2014) . Removing either the extra-delayed population or the non-extradelayed merger population (i.e. setting f extra or f m to zero) leads to unreasonably higher AVRs. Therefore, we verify that both the extra delay and the merger delay are necessary. The background fraction f bg , which is designed to capture the small amount of halo stars and absorb the residuals between the model and observations, is found to be 0.5 ± 0.4 %, which is also consistent with the fraction of halo stars in the solar neighbourhood (given that we have cut out some of the halo components by the data selection of equation 10). The results are similar for setup 1 and setup 2. These three 4 Our values of U and W are also consistent with that of Schönrich et al. (2010) . The discrepancy of V measurement is a complicated problem and beyond the scope of this paper. checks allow us to validate the use of 14 parameters in the model.
The remaining parameters are t extra , f extra , and f m . Before examining their best-fitting values, we can check the goodness of fitting, verifying that the best-fitting model can reproduce the observed velocity distributions. For a meaningful comparison, we again use a conditional likelihood PDF p(v L/B |{l, b, τ phot , m WD } i , θ) to eliminate the incompleteness. We calculate this transverse velocity likelihood for each white dwarf with the 'bestfitting' model (using the median values of each parameter posterior distribution from the MCMC as the model parameters) and then average these likelihoods. Figure 5 shows the observed and predicted velocity distributions in the early, Q branch, and late segments, respectively. As can be seen, our best-fitting models (in both setups 1 and 2) provide good characterisations of the observed velocity distribution in all three segments.
Constraints on the main parameters
Having demonstrated that (i) our model leads to the solar kinematics and age-velocity dispersion relation (AVR) in agreement with estimates from the literature, (ii) it shows the necessity for two different types of delays, and (iii) it provides a good fit to the observed velocity distributions in each segments of the cooling tracks, we can now examine the constraints we obtain for the main parameters of interest: t extra , f extra , f m . In Figure 6 , we show the constraints for these three parameters for setup 1. We find that the extra-delayed population fraction is f extra = 6.6 +2.4 −1.5 % or 9.8 +5.3 −3.0 % , (setup 1 or 2), (29) and the length of the extra delay on the Q branch is t extra ≥ 8 Gyr or ≥ 10 Gyr .
This confirms our qualitative conclusion that f extra is low and t extra is long (see section 3.2). We point out that the difference between these two setups is exactly where the peak of the merger-delay distribution is located (2 Gyr); also, we point out that this lower limit for t extra depends on the parametrization of AVR: if we reduce the youngest thick-disc age in our AVR from 7 to 6 Gyr and make the thin-to-thick-disc transition quicker (which is possible according to Mackereth et al. 2019 ), this lower limit will also decrease by about 1 − 2 Gyr, but it is hard to further reduce it. The fraction of mergers without the extra delay is found to be f m = 13 
which will be useful in later analysis.
To summarise, we have been able to constrain f extra , t extra and f m . To do so, we have used the model of age delays and kinematics described in section 4. Our model uses 17 parameters but 13 of those are standard solar and Galactic kinematic parameters for which we find values consistent with those existing in the literature. By using only information originating from velocities, our constraints are not directly sensitive to selection effects affecting the spatial distribution of the white dwarf sample. Finally, we point out that the constraints on the fraction of double-WD mergers for setup 1 and 2 are similar, i.e. it does not depend on whether or not the extra-delayed white dwarfs are also merger products.
6. DISCUSSION 6.1. The energy source of the extra delay:
22 Ne settling in merger products?
Our model has allowed us to use Gaia data to constrain the properties of the extra cooling delay on the Q branch. With these phenomenological properties, we can now attempt to understand the physical mechanism responsible for it. In this section, we argue that the 22 Ne settling in previously-metal-rich double-WD merger products may explain the extra delay on the Q branch.
To produce the extra delay revealed by the velocity analysis, an extra energy source is needed, and it should satisfy the following requirements:
1. it has a peaked effect around crystallisation; 2. it applies only to a fraction f extra ∼ 7 % of highmass white dwarfs; 3. it is powerful enough to create an extra delay t extra of at least 8 Gyr (in addition to crystallisation delay and merger delay).
Available energy sources are limited. The latent heat and phase separation during crystallisation are already included in the cooling model we use. Moreover, they apply to all white dwarfs. So, they cannot explain the extra delay. Another possible energy source is the redistribution of minor elements in white dwarfs. Among all impurities, 22 Ne has the most significant influence on white dwarf cooling (Isern et al. 1991; Bildsten & Hall 2001) , because it can be very abundant in a white dwarf, and it feels a net downward force in the white dwarf core. Below, we explore if the redistribution of 22 Ne satisfies all the above requirements.
22 Ne is produced from the C, N, and O in the progenitor stars of white dwarfs. In the hydrogen burning stage, the CNO cycle builds up the slowest reactant 14 N; then, in the helium burning stage, 14 N is converted into 22 Ne. This leads to an abundance X WD 22 Ne ≈ Z star CNO ≈ 0.02 for solar-metallicity stars (Isern et al. 1991) . Due to the additional two neutrons, 22 Ne nuclei feel more downward force of gravity than the upward force from pressure gradient (Bildsten & Hall 2001) . Therefore, 22 Ne settles down to the white dwarf centre, and releases gravitational energy.
The amount of energy released by 22 Ne settling (also called 22 Ne sedimentation or 22 Ne diffusion in the literature) depends on the white dwarf mass, composition, and its progenitor metallicity (Deloye & Bildsten 2002; García-Berro et al. 2008; Althaus et al. 2010; Camisassa et al. 2016) . García-Berro et al. (2008) We first show that the 22 Ne settling effect peaks around crystallisation (the first requirement). In Figure 7 we present the cooling rate reciprocal ζ −1 along a cooling track in García-Berro et al. (2008)'s cooling models (their figure 13) of pure-C and pure-O white dwarfs and Fontaine et al. (2001) 's model of a 1.05 M C/O-core white dwarf. For the model with the strongest 22 Ne settling (the yellow, dashed curve), a peaked slowing-down, and therefore number density enhancement, is indeed created around crystallisation.
The key to understanding why the energy release from 22 Ne can produce such a peaked effect around crystallisation is as follows. Firstly, the number density enhance-ment A is determined by the ratio of the extra energy to the white dwarf luminosity rather than the extra energy itself:
where ζ and ζ 0 are the cooling rates with and without the extra energy, L surf ∝ T 4 eff is the white dwarf luminosity, and L extra is the power of the extra energy release. Before crystallisation, the power of 22 Ne settling L Ne extra is nearly constant (see Appendix C). So, the constant L extra will create a sharply increasing enhancement when L surf drops quickly with T eff and approaches L Ne extra . Secondly, as the settling cannot happen in solid phase, L Ne extra will be suppressed after crystallisation. Thus, as the white dwarf cools down, L Ne extra 's increasing fractional contribution to L surf and its final suppression together may create a peak of enhancement around crystallisation.
22 Ne settling also satisfies the second requirement for the extra-delay energy source, i.e. it applies only to a fraction of white dwarfs. For a given mass, only the white dwarfs with significant 22 Ne settling (high L Ne extra ) will have the extra cooling delay. L Ne extra is determined by the progenitor metallicity and core composition: the highest L Ne is produced in high-mass C/O white dwarfs with metal-rich progenitors (equation C7). As a white dwarf from single-star evolution cannot both harbour a C/O-core and be heavier than about 1.08 M (e.g., Siess 2007), such white dwarfs with maximum 22 Ne settling effect can only be found among double-WD mergers.
There are two possible problems of the 22 Ne explanation: (1) no cooling model has shown that it can create an extra delay as long as 8 Gyr, which is the third requirement for the extra energy source; and (2) there is a slight offset between the observed Q branch and the predicted peak of enhancement (Figure 7) . However, the existing cooling models have not explored the mass range above 1.06 M , where the Q branch is most clearly seen. In addition, there are still uncertainties in the cooling model (such as the 22 Ne diffusion coefficient), and the offset can be partly explained by the existence of He-rich-atmosphere white dwarfs. Therefore, neither of the two problems can yet rule out 22 Ne settling as the origin of the extra delay.
Wide binary fractions on the Q branch
In the previous section we proposed a connection between the extra-delayed population and double-WD binaries. One way to test this idea is to check the wide-binary fractions of white dwarfs on and off the Q branch. If the extra-delayed population indeed comes Figure 7 . A comparison of the influence of 22 Ne settling. The x-axis is the colour index along the cooling track, reflecting white dwarf surface temperatures. The y-axis is the inverse of cooling rate, proportional to the H-R diagram number density. The white dwarf mass (1.06 M ) of these models is smaller than our sample. Line styles indicate different core compositions and colours indicate the settling speed. The model with the largest settling speed (D = 5Ds and C-core, see equation C7) produces the highest number density enhancement. Note that the x-axis is different from that of Figure 2 , so the green curve is not flat.
from double-WD mergers, the kick velocity of a few km s −1 (e.g., Dan et al. 2014 ) during the merger may destroy many wide binary systems. To test this idea against observations, we cross-match the wide binaries in Gaia DR2 (El-Badry & Rix 2018, 2019) with our high-mass white dwarfs sample. In the early, Q branch, and late segments respectively, we find 5, 4, 7 white dwarfs with main-sequence or white dwarf companions out of 304, 510, 252 white dwarfs. So, the wide binary fraction on the Q branch is 0.8 ± 0.4 % compared to the value 2.2 ± 0.5 % off the branch. Although this is just a 2σ difference due to small-number statistics, it is still notable. If we assume that the extra-delayed population does not contribute any wide binary system, the wide binary fraction of non-extra-delayed populations on the Q branch becomes 4/[510 × (1 − F extra )] = (1.5 ± 0.8) %, consistent with the off branch value 2.2 ± 0.5 % within 1σ. Therefore, the fraction of wide-binaries provides additional support to the idea that the extra-delayed population originates from double-WD mergers.
DQ white dwarfs on the Q branch
Based on spectra features, white dwarfs can be classified as DA-type (with only hydrogen lines; most white dwarfs are of DA-type), DB-type (with only helium lines), DQ-type (with carbon lines), DC-type (no lines), etc. The Q branch is named after the presence of DQtype white dwarfs on it, which is abnormal and likely to belong to only the extra-delayed population. To get the information of the spectroscopically-verified white dwarfs, we cross-match our white dwarf sample in Gaia DR2 with the Montreal white dwarf database MWDD (Dufour et al. 2017) 5 . Most high-mass DQs are concentrated on the Q branch (Figure 8) , and the fraction of fast DQs is very high ( Table 2) . Combining these two pieces of information, we believe that all these 'Q-branch DQs' belong to the extra-delayed population. Then, we estimate that
of extra-delayed white dwarfs are DQ-type white dwarfs.
Changing the distance limit of the sample does not influence this result much. We also checked the spatial distribution of these DQs and found no concentration in any direction of the sky. The DQ white dwarfs on the Q branch are abnormal, because the convection zone in a normal white dwarf with similar temperature is not deep enough to dredge carbon up (Dufour et al. 2005) , therefore carbon cannot stay in the atmosphere and sinks down very quickly. In a similar way, the 'hot DQ' white dwarfs discovered by Dufour et al. (2007) are also abnormal. In Figure 8 , we show the distributions of Q-branch DQs and hot DQs on the H-R diagram. Although Gentile classified the Q-branch DQs also as hot DQs, there are quite a few differences between them.
Hot DQ white dwarfs are characterised by their high surface temperature (> 18000 K), highly carbondominant atmosphere (Williams et al. 2013) , high rate of having magnetic field (Dufour et al. 2010 (Dufour et al. , 2013 , high rate of being variable and possibly rotating (e.g., Dufour et al. 2009; Dunlap et al. 2010; Dufour et al. 2011; Williams et al. 2016) , and rarity (e.g., Dufour et al. 2008) . On the contrary, we observe that the Q-branch DQ white dwarfs concentrate on the Q branch due to the extra cooling delay, they have helium-dominant atmospheres with about 1 % of carbon (Kepler et al. 2015 (Kepler et al. , 2016 , and they have undetectable or no magnetic field (see Figure 8) . Dunlap & Clemens (2015) discussed one strange 'hot-DQ' (SDSS J115305.47 + 005645.8 or 2 6 12 ± 4% 11 ± 7% 11 ± 5% Figure 8. A part of the H-R diagram showing the spectroscopically-verified WDs, with Q-branch DQ and hot DQ white dwarfs marked by red and green open circles. We also mark magnetic DQs with larger black circles. Note that the mass range here (> 0.9 M ) is larger than the sample in our main analysis (1.08 − 1.23 M ).
J1153) with very high proper motion and therefore thick-disc kinematics. We notice that J1153 has no magnetic field or variability and happens to be on the Q branch (Figure 8 ), i.e., J1153 is more likely to be a highmass hot Q-branch DQ rather than a typical hot DQ.
Thus, Q-branch DQs and hot DQs have many different apparent characteristics.
We now turn to the similarities between Q-branch DQs and hot-DQs. Firstly, both of them have high masses. Secondly, for both types there are hints of double-WD mergers. For the Q-branch DQs, we have discussed the hint in section 6.1, and for the hot-DQs, Dunlap & Clemens (2015) used proper motion distribution of 12 hot-DQs to argue that they may be mergers products (though, again, based on small number statistics). These two similarities raise the question seriously: can both hot DQs and Q-branch DQs originate from double-WD mergers and have evolutionary relations? Here, we use their number counts to explore this possibility. Hot DQs are rare and located in the 'early' segment. This is qualitatively consistent with the picture that they are the counterparts of the extra-delayed population diluted in the 'early' segment. Quantitatively, the fraction of hot DQs in the region τ phot < 0.5 Gyr, m WD > 0.9M is 8/198 = 4.0 ± 1.4 %, based on a spectroscopically-verified white dwarfs sample within 400 pc (as shown in Figure 8 ). If hot DQs indeed evolve into the Q-branch DQs and the ratio of DQ vs. non-DQ does not change along their evolution, this fraction of hot DQs can be translated into the fraction of extra-delayed population as 4.0 %/F DQ = 4.0 %/52 % = (8 ± 3) %, in line with the f extra = 7 +2 −2 % obtained from our model.
To summarise, the 'Q-branch DQs' should all belong to the extra-delayed population, and they account for 52 ± 16 % of this population. We find that they are apparently different from both ordinary standardmass DQs and hot-DQs. Nevertheless, number counts show that hot DQs may evolve into Q-branch DQs, and there are hints that they both originate from double-WD mergers.
Double-white-dwarf merger rate
The double-white-dwarf merger is considered to be a promising scenario of Type Ia supernova (i.e., the double-degenerate scenario). In the classical version of this scenario, binary C/O white dwarfs merge by the shrink of orbit due to gravitational wave emission and explode if the total mass of two white dwarfs exceeds the Chandrasekhar limit (Webbink 1984; Iben & Tutukov 1984) . The double-WD merger rate is a critical value in this scenario. Simulations of binary population synthesis (BPS) show that the superChandrasekhar double-WD merger rate is a few times lower (e.g., Ruiter et al. 2009; Toonen et al. 2012 Toonen et al. , 2014 Toonen et al. , 2018 than the observed Type Ia supernova rate, which is 1.1 × 10 −13 M −1 yr −1 in a Milky-Way-like galaxy (Li et al. 2011) , or a time-integrated rate of 1.3 × 10 −3 M −1 (Maoz & Graur 2017) . However, it is difficult to observationally verify the double-WD merger rate. Existing estimates of the merger rate (including both superand sub-Chandrasekhar mergers) are made by observing the yet-to-merge binary-WD systems and extrapolating their orbit distribution obtained from multi-epoch radial velocity measurements Maoz & Hallakoun 2017; Maoz et al. 2018) , with its most updated estimate of the merger rate being (6.3 ± 1.0) × 10 −13 M −1 yr −1 (Maoz et al. 2018) , about twice as high as the corresponding value from BPS.
We can use our results from section 5 to estimate the double-WD merger rate in a mass range. To do so, we combine the white dwarf number density and the fraction of merger population. Compared with the method used by Maoz et al. (2018) , such an approach is more direct and relies on fewer assumptions, though it probes only a range of final mass: 1.10 − 1.28 M (assuming C/O-cores in white dwarfs; we adopt this mass estimate because the products of double-WD mergers should have C/O cores instead of O/Ne cores). We use white dwarfs in the 'early' segment. This region is brighter than 13 magnitude in M G , corresponding to G < 20 within 250 pc (the Gaia DR2 completeness drops at G ∼ 20.5), so this sample should be nearly complete. It contains 304 white dwarfs. Using the fraction of merger fraction 20 ± 6 % from equation 31, we estimate that the production rate of double-WD mergers with final mass in 1.10 − 1.28 M (assuming C/O-cores in white dwarfs) is 304 × 20 % / 0.7 Gyr = (87 ± 26) Gyr −1 ,
where 0.7 Gyr is the average time-span of the 'early' segment. We then estimate the total stellar mass within 250 pc to be 4.1 × 10 6 M , using the local stellar mass density ρ = 0.083 M pc −1 (McMillan 2011) and a scale-height of 300 pc. Combining the two values and the simulation result that double-WD mergers lose negligible mass (e.g., Dan et al. 2014) , we estimate the recent double-WD merger rate in the Milky-Way disc with m WD1 + m WD2 ranging 1.10 − 1.28 M (assuming C/Ocores in white dwarfs) to be (2.1 ± 0.6) × 10
As explained in section 5, this estimate of merger rate does not rely on whether or not the extra-delayed white dwarfs are mergers. If we assume setup 1 and use the number count in the 'Q branch' segment to estimate the merger rate, we will get an remarkably similar result, (2.3 ± 0.6) × 10 −14 M −1 yr −1 , again supporting the idea that the extra-delayed population might be merger products. For comparison, binary population synthesis provides a rate of about 1.6 × 10 −14 M −1 yr −1 for the same mass range, averaged over Hubble time after a single star-formation event. Since the Milky-Way had a higher star-formation rate at the early time, the current merger rate from BPS should be even lower. In addition, based on BPS results, the super-Chandrasekhar merger rate is about 1−2 times of that in our mass range (Toonen et al. 2014, and private communication) . So, our measurement also provides observational evidence that double-WD mergers can contribute to a substantial amount of type Ia supernovae.
CONCLUSION
The white dwarf H-R diagram derived from Gaia data has revealed a number-density enhancement of highmass white dwarfs, called the Q branch. This feature is located at the high-mass end of the white dwarf crystallisation branch. However, the enhancement is higher than expected for crystallisation, suggesting an extra cooling delay. Adding transverse-velocity information to the H-R diagram, we find a clear concentration of fast white dwarfs on the Q branch (Figure 1) , which indicates that the extra cooling delay is long but influences only a small fraction of high-mass white dwarfs.
Motivated by this simple observation, we then perform a quantitative analysis. We use the difference between the white dwarfs dynamical ages (according to the age-velocity-dispersion relation) and photometric ages to study delays in their evolution. The delays come from the extra cooling delay and/or double-WD merger delay. So, with about one thousand high-mass white dwarfs (1.08 − 1.23 M , d < 250 pc) selected from Gaia DR2, this analysis allows us to constrain the fraction of the extra-delayed white dwarf population, the extra-delay length, and the fraction of double-WD merger products. We eliminate selection effects by using the conditional probability distribution of velocities given the photometric and positional information of each white dwarf. To avoid systematic errors of the model, we also fit the AVR and solar motion together with the above three parameters. After having checked that the AVR and solar motion parameters are all in agreement with standard values from the literature, we find that:
1. the extra cooling delay on the Q branch applies to about 7% of all high-mass white dwarfs and appears to be 8 Gyr;
2. the double-WD merger fraction is 20 ± 6 % in the mass range 1.10−1.28 M (assuming C/O-cores in white dwarfs), translating to a double-WD merger rate of (2.1±0.6)×10 −14 M −1 yr −1 . This constraint is independent of the nature of the extra delay.
We propose that the extra cooling delay may be caused by the energy release of 22 Ne settling. This scenario can explain both its relation to crystallisation and the small fraction of the extra-delayed population. Since 22 Ne settling requires high-mass C-(or C/O-) core white dwarfs, this also implies a merger origin of the extradelayed population, which is further supported by the lack of wide separation binaries on the Q branch. Since existing models do not explore the same mass range where the Q branch is located, a cooling model including 22 Ne settling for m WD > 1.1 M C/O white dwarfs with metal-rich progenitors will be needed to test our explanation. Whether or not 22 Ne settling plays a significant role, investigating this delay is important for white dwarf physics.
Interestingly, our velocity analysis of high-mass white dwarfs provides a direct observational constraint on the double-WD merger rate, independently of the Q-branch explanation. The value we obtained is slightly higher than the prediction from binary population syntheses (BPS) for the same mass range. Our results also help to constrain the contribution of double-WD mergers to type Ia supernova.
for the DPAC has been provided by national institutions, in particular the institutions participating in the Gaia Multilateral Agreement. 
Using this expression of M means that we ignore the small in-disc rotation between the Cartesian coordinate XY Z and the galactic polar coordinate. Then, we write the 3-D Gaussian distribution in both coordinate systems (note that the Jacobian determinant of rotation transform is unity) and derive:
Substituting equation A1, we get:
where
The covariance matrix Σ LB for the 2-D Gaussian distribution marginalised along the R direction is the first 2 × 2 sub-matrix of Σ LBR . Then, the conditional PDF of the two transverse components (v L , v B ) of v can be written as:
B. MCMC SETTINGS In our Bayesian model, we assume uniform distributions for parameter priors. We feed an affine invariant MCMC sampler emcee (Foreman-Mackey et al. 2013 ) with the natural logarithm of likelihood function defined in equation 19. We use 50 walkers to explore the parameter space and start with a first guess of the parameters. After 200 steps of burn-in, the chains are checked to be converged by comparing the percentile values of the parameters in each chain. Then, we run another 400 steps and using this sampling to represent the posterior distribution of each parameter. Figure 9 shows the marginal posteriors of f m and the 10 parameters of AVR and their correlations, under the first setup of Table 1 , i.e., assuming the extra-delayed population also has merger delay. The second setup has similar results of the AVR. 
C. THE ENERGY RELEASE OF
22 NE SETTLING According to Bildsten & Hall (2001) , the energy release of 22 Ne settling is nearly constant before crystallisation:
where F = 2m p g is the net force felt by each 22 Ne nucleus, V drift is the drift velocity of the settling, n is the element number density, f (m WD ) is an increasing function of mass, D is the diffusion coefficient of 22 Ne, D s is the onecomponent self-diffusion coefficient (which can be used as a reference value), X is the element abundance, Z is the atomic number of the main element in the white dwarf core, T c is the core temperature, which scales with the surface temperature T eff . So, the white dwarf mass, diffusion coefficient, progenitor metallicity, and core composition will determine the power of energy release from 22 Ne settling.
